Abstract: We study the asymptotic speed of a second class particle in the two-species asymmetric simple exclusion process (ASEP) on Z with each particle belonging either to the first class or the second class. For any fixed non-negative integer L, we consider the two-species ASEP started from the initial data with all the sites of Z<−L occupied by first class particles, all the sites of Z [−L,0] occupied by second class particles, and the rest of the sites of Z unoccupied. With these initial conditions, we show that the speed of the leftmost second class particle converges weakly to a distribution supported on a symmetric compact interval Γ ⊂ R. Furthermore, the limiting distribution is shown to have the same law as the minimum of L + 1 independent random samples drawn uniformly from the interval Γ.
Introduction
The goal of this paper is to study the asymptotic speed of a second class particle in the twospecies asymmetric simple exclusion process (ASEP). The ASEP is an interacting particle system on Z with each of the vertices of Z occupied by at most one particle. Every particle carries an exponential clock of rate 1, and all clocks are independent. The evolution of the particles is Markovian and may be described as follows: when the clock rings, the particle decides to move to the right (or left) by one with probability p ∈ (0, 1) (or 1 − p). The particle moves to the corresponding target site if it was unoccupied, and nothing happens if the target site is occupied (i.e. the jump is suppressed). In a two-species ASEP, every particle is labeled as either first class or second class, depending on its jump hierarchy. For instance, a first class particle can interchange its position with a second class particle which was sitting on a neighboring target site; on the other hand, a second class particle is not allowed to interchange its position with any other first or second class particle.
Fix L ∈ Z ≥0 . Consider the two-species ASEP with the right jump probability p ∈ ( 1 2 , 1] and the left jump probability q := 1 − p. Additionally, take infinitely many first class particles and L + 1 second class particles in the system. Let x n (t) (resp. x * n (t)) be the position of the first (resp. second) class particle of index n ∈ Z ≥0 at time t ∈ R ≥0 . The initial positions of the particles are given by x n (0) = −n − L, n ∈ Z ≥1 , (1.1)
x * n (0) = −n, n ∈ Z [0,L] .
In the following, we state the main result of our paper.
Theorem 1.1. Given the asymmetry parameter γ := p − q for p ∈ ( 1 2 , 1] and q = 1 − p, we have
with U L , a random variable supported on [−γ, γ], and
Since its introduction (see MacDonald et al. [1968] , Spitzer [1970] ), the ASEP remains one of the most important interacting particle systems and serves as a testing ground for several conjectures about the KPZ universality class. We refer to Liggett [2005 Liggett [ , 1999 for detailed historical accounts and further references.
Moreover, it is well known that that the hydrodynamic limit of the ASEP is governed by the invicid Burgers equation which is written as
The characteristic line of this nonlinear PDE is intimately related with the trajectory of a second class particle. It was shown by many authors (for instance, Ferrari [1992] , Rezakhanlou [1991] ) that the second class particle started from a position x follows the the characteristic line of (1.4) started from x. If x does not belong to the rarefaction fan, then there is only one characteristic line emanating from x. On the contrary, if the initial position is inside the rarefaction fan, then there are infinitely many characteristic lines coming out from x. Theorem 1.1 essentially shows that the leftmost second class particle in the two-species ASEP started from (1.1) will choose one of the characteristic lines 1 from the interval Γ := [−(p − q), (p − q)] according to the law of the minimum of L + 1 many random uniform samples from the interval Γ. Study of the second class particle in the exclusion processes plays a unique role in its rich history. Rezakhanlou [1995] obtained a law of large numbers for the position of the second class particle in the ASEP under shock initial data. It is worth mentioning that the initial data of (1.1) does not fall under the category of the shock initial data. In fact, as time increases, we observe the formation of a rarefaction region where the density of the (first class) particles decreases linearly from 1 to 0 the initial data of (1.1). In the case of rarefaction fan, Ferrari and Kipnis [1995] proved the weak convergence of the asymptotic speed of the second class particle (in the totally asymmetric simple exclusion process (TASEP)) to the uniform law on [−1, 1] . The initial data of Ferrari and Kipnis [1995] has a second class particle at 0 and all the first class particles fully packed on one side of the origin. Setting L = 0 and p = 1 in Theorem 1.1 retrieves the main result of Ferrari and Kipnis [1995] . Later, the result of Ferrari and Kipnis [1995] is improved in Mountford and Guiol [2005] ; the authors showed the almost sure convergence of the asymptotic speed. See Gonçalves [2014] for a related result in the totally asymmetric constant rate zero-range process. Cator and Dobrynin [2006] studied the Hammersely procss and obtained an exciting limit theorem for the second class particle at the rarefaction fan. Ferrari et al. [2009a] proved the analogue of the main result of Ferrari and Kipnis [1995] in ASEP. They also studied the collision probability of two second class particles in the ASEP. Tracy and Widom [2009a] found the exact distribution of the second class particle in the ASEP. Balázs and Nagy [2017] generalized the result of Ferrari and Kipnis [1995] for a wide range of partially and totally asymmetric interacting particles systems.
Exploring the connection between the second class particle in the TASEP and the competition interface of the last passage percolation, many new results were found for the second class particle (see Ferrari and Pimentel [2005] , Ferrari et al. [2009b] ). Building on this connection, Cator and Pimentel [2013] derived a general formula for the limiting law of the asymptotic speed of the second class particle in the TASEP under arbitrary initial data. In particular, when the initial data of the TASEP has one second class particle at site −L and all the other sites of Z ≤0 are occupied by first class particles, it is a straightforward exercise to verify (using the formula of Cator and Pimentel [2013] ) that the limiting speed of the second class particle will be the same as (1.3) (with γ = 1). This brings us to the following conjecture which is supported by an extensive simulation shown in Appendix .
Consider the ASEP on Z with the right jump probability p started from the initial data with all the sites of Z ≤0 \{0} occupied by first class particles, except for a single second class particle at site −L, and the remaining sites unoccupied. Then, for some parameter α := α(p, L) depending on p and L with α(1, L) = 1 and α(p, 0) = γ, we have
For further applications of the connection between the second class particle and the competition interface, we refer to Romik andŚniady [2015] , Ferrari et al. [2017] . The TASEP with particles of multiple species (e.g., first class, second class, third class etc.) was studied in Amir et al. [2011] where the authors found the joint limiting law of the speeds of the particles of different species. They also conjectured similar results for the multi-species ASEP. It is worth noting that Theorem 1.1 can be derived in an alternative way by assuming that Conjecture 1.9 and 1.10 of Amir et al. [2011] hold.
There are three main tools used in our proof of Theorem 1.1. Namely, (a) a coupling between the two-species ASEP and the multi-species (or, colored) ASEP, (b) a relation between the transition probabilities of the multi-species ASEP and the single-species (or, uncolored) ASEP 2 , and (c) an estimate of the (L + 1)-block probability 3 of the single-species ASEP. In Lemma 2.3 of Section 2, we construct a coupling between the two-species ASEP started from (1.1) and the multi-species ASEP started from the step initial data (see Definition 2.1) such that the position of the leftmost second class particle of the two-species ASEP agrees with the position of the leftmost particles among the first L + 1 species of the multispecies ASEP for all t ≥ 0. This brings us to the use of the transition probabilities of the multispecies ASEP. Recently, Borodin and Wheeler [2018] studied the spectral theory of the colored stochastic vertex models. They showed a correspondence between the probabilities of the colored and uncolored stochastic six vertex models which under appropriate limit gives a similar description between the multispecies and the single-species ASEP. Briefly, [Borodin and Wheeler, 2018, Theorem 12.3.5] connects the tail probabilities of the minimum postion of a finite set of particles in the multispecies ASEP with the block probabilities of the single-species ASEP. We refer to Proposition 2.5 of Section 2 for more details. Thanks to the coupling lemma and [Borodin and Wheeler, 2018, Theorem 12.3 .5], our proof of Theorem 1.1 boils down to estimating the block probabilities of the single-species ASEP (which is provided by a recent work of Tracy and Widom [2018] ). We refer to Proposition 3.2 for more details on this estimate. Combining all these tools, we complete the proof of Theorem 1.1 in Section 3.
Multispecies (or, colored) ASEP
In this section, we review the the multispecies (or, colored) ASEP and construct a coupling between the latter and the two-species ASEP started from the initial data (1.1). Towards the end of this section, we will recall the correspondence between the multi-species ASEP and the single-species ASEP.
Definition 2.1. The multispecies ASEP is a system of colored interacting particles on the infinite one-dimensional integral lattice, with sites labeled by Z. Every particle in the system has a different color prescribed to it, which is a positive integer. Each site may be occupied by at most one particle. At a time t, a configuration of the multi-species ASEP is given by
with η i (t) = 0 indicating that site i is unoccupied at time t and η i (t) = j > 0 indicating that site i is occupied by a particle of color j at time t. We denote the position of the particle with color n by x mASEP n (t). As in ASEP, each particle carries an exponential clock, and all the clocks in the system are independent. When a clock rings, the corresponding particle jumps to the right with probability p and to the left with probability q := 1 − p. The particle interchanges positions with another particle if and only if the occupation variable η i (t) of the corresponding target site is lower. Otherwise, nothing happens.
Definition 2.2 (
Step initial data). The step initial data is the initial configuration η mASEP (0) with
Consider the two-species ASEP 4 on Z with the right jump probability p started with the initial data (1.1). Additionally, consider the multi-species (or, multi-color) ASEP started with the step initial data (see (2.1)). Then , there exists a coupling between these two systems such that
for all t ≥ 0.
Proof. We start with an informal description of the coupling. Initially, for n ∈ Z >L , we couple the clock of the particle at x n−L (0) from the two-color ASEP with that of the particle at x mASEP n (0) from the multi-color ASEP. Similarly, we couple the clock of the second class particle at x * n (0) with the particle at x mASEP
If two particles of the multi-color ASEP interchange their positions at time t and both of them were coupled to the particles of same class of the two-color ASEP, we interchange the coupling status of those two particles. That is, if x mASEP r (t−) is interchanged with x mASEP s (t−) at time t and the clocks of the particles at x mASEP r (t−) and x mASEP s (t−) were coupled with those at x r (t−) (or, x * r (t−)) and x s (t−) (or, x * s (t−)) respectively, then, at time t, we couple the particles at x mASEP r (t) (resp.x mASEP s (t)) with x s (t) (resp. x r (t)). If the particles of the multi-species ASEP participating in an interchange are coupled to particles from separate classes in the two-colored ASEP, then we interchange the corresponding particles of the two-color ASEP. As a consequence, the coupling status of the particles does not change, i.e., the set of the pairs of particles which were coupled to each other before remains same. For further clarity, we illustrate this coupling with the following figure. Fig 1: The left image represents the configuration at t− and the right image at time t. In the right image, the first example of movement swaps coupling; in the second example, it does not. Now, we are ready to give an explicit description of the coupling. Set
In other words, τ 0 is the first time when two particles of the multi-species ASEP interchange their positions. Then, for all t < τ 0 , we couple the exponential clocks of the particles of the two-color ASEP and the multi-color ASEP in the following manner:
3)
To encode the coupling between the particles of the two-color ASEP and the particles of multi-color ASEP, we introduce a random function f : [0, ∞) × Z → N ∪ {0 * , 1 * , . . . , L * } 5 which we often refer to as the coupling status. In other words, (n, f t (n)) denotes the pair of indices of the particles from the two-color ASEP and the multi-color ASEP which are coupled with each other at time t. For all t < τ 0 , we define
Now, we extend the coupling for all t ≥ τ 0 . Consider a sequence of stopping times {τ 1 < τ 2 < . . .} given by
Due to the independence between the exponential clocks associated to the particles, the probability of interchanging the positions of two pairs of particles at the same time is 0. We update f t for all t = τ 0 , τ 1 , τ 2 , . . . and set it to be constant for all t ∈ [τ k , τ k+1 ) and for all k ≥ 0. If the position of the particles of color r and s are interchanged for some r > s at t = τ k , we define
For any t ∈ (τ k , τ k+1 ) and k ≥ 0, we couple the two-colored ASEP and the multi-colored ASEP in the following way:
This completes the description of the coupling. Now, we show that under this coupling, (2.2) holds for all t ≥ 0. Note that, by (2.3)-(2.4), we immediately have
for all t < τ 0 . This shows that (2.2) holds true if t is less than τ 0 . Since the set of coupled pairs {(n, f t (n))} n≥1 remains unchanged for all t ∈ (τ k , τ k+1 ), it suffices to show that (2.2) holds at t = τ k for all k ≥ 0. We show this by induction. First, we prove the claim for t = τ 0 . Suppose two particles of color r and s interchange their positions at t = τ 0 . If neither f τ 0 − (r) nor f τ 0 − (s) belongs to {0 * , 1 * , . . . , L * }, then (2.2) holds at t = τ 0 because the coupling status of the second class particles does not change at t = τ 0 .
5 Here, n * stands for the index of the second class particle of the site x * n (0) at time t = 0.
If
. . , L * } (or vice versa), then again (2.2) holds at t = τ 0 for the same reason. Lastly, consider the case when both f τ 0 − (r) and f τ 0 − (s) belong to {0 * , 1 * , . . . , L * }. Suppose f τ 0 − (r) = L * and f τ 0 − (s) = * for some ∈ Z [0, ) . Since (2.2) holds for t < τ 0 , we have x mASEP r (τ 0 −) < x mASEP s (τ 0 −). Appealing to (2.5), we observe
with the last equality following from the fact that the minimum of a set of indexed integers is invariant under the mutual interchange of the indices. This verifies that (2.2) holds at t = τ 0 .
Let us now assume (2.2) holds for all t = τ 0 , . . . , τ k 0 . We need to show that it will also hold for t = τ k 0 +1 . However, the proof of this claim is almost verbatim to the proof of the same claim for t = τ 0 , which we do not repeat. This completes the proof.
Remark 2.4. It is worth mentioning that one can construct a coupling between the twospecies TASEP and the multi-species TASEP in a similar way as in Lemma 2.3 such that (2.2) holds even when the initial data for the two-species TASEP has only one second class particle at −L and the rest of the sites of Z ≤0 are occupied by the first class particles. Indeed, using this coupling and similar arguments as in Section 3, one can prove (1.2) for two-species TASEP started from this special initial data.
We end this section with the correspondence between the joint probability of the multispecies ASEP and the block probability of the single-species ASEP.
Consider two sets of integers I := I 1 < . . . < I k ≤ P and J := 1 ≤ J 1 < . . . < J for some ∈ N and P 0 ∈ Z. Moreover, consider
which is the probability that, in the single-species ASEP (started from the step initial data 6 ) at time t, each of the positions I 1 , . . . , I k and P + J 1 , . . . , P + J is occupied by a particle; and
describing the probability that, in the multi-species ASEP (started from the step initial data) at time t, each of the positions {I 1 , . . . , I k } is occupied by a particle and the particles of colors {J 1 , . . . , J } are all situated strictly to the right of position P .
Proposition 2.5 (Theorem 12.3.5 of Borodin and Wheeler [2018] ). For all t ≥ 0, any P 0 ∈ Z and I = I 1 < . . . < I k ≤ P 0 , J := 1 ≤ J 1 < . . . < J , P asep (I, J ; P, t) = P mASEP (I, J ; P, t). 
Proof of Theorem 1.1
We combine (2.6) with the coupling of Lemma 2.3 to prove our main result. Fix J := {1, 2, 3, . . . , L + 1} and I = {−k} for some k > L. From (2.2) in Lemma 2.3, we have
Also, due to (3.1) and (2.6), we have
Here, P ASEP denotes the probability with respect the two-species ASEP started from (1.1) whereas P asep stands for the probability with respect to the uncolored ASEP started from the step initial condition. Letting k go to ∞ on both sides of (3.2), we obtain
To complete the proof of the main result, we introduce the following lemma. Note that combining (3.4) with (3.3) completes the proof of Theorem 1.1.
Lemma 3.1. Given the asymmetry parameter γ := p − q with p ∈ ( 1 2 , 1] and q = 1 − p, we have
for any L ≥ 0.
For proving Lemma 3.1, we need the following result from Tracy and Widom [2018] .
Proposition 3.2 (Theorem 1 of Tracy and Widom [2018] ). Consider single-species ASEP on Z (with the right jump probability p ∈ ( 1 2 , 1)) started from the step initial data. Denote the position of the particle of index n ∈ Z ≥0 at time t ∈ R ≥0 by x asep n (t). Let P L,step (x, m, t) be the probability of the event
Additionally, we set m = σt for some σ ∈ (0, 1) and introduce the parameters
Then, for x = c 1 t − c 2 ζt 1/3 , one has
with F GUE , the derivative of the Tracy-Widom GUE distribution 7 .
Proof of Lemma 3.1. Let us define θ and ζ implicitly by the following equalities:
with parameters c 1 , c 2 , and σ as in (3.5) in Proposition 3.2. Expanding c 1 , we have
Then, we deduce θ = θ(ζ) = ( √ σc 2 ) −1 ζ + o(1). Now, we fix ζ > 0 large. Also, we introduce some short-hand notations:
It straightforward to see that
Note that, by setting s = γ(c 1 + θc 2 t −2/3 ), we have
(3.7)
Moreover, by the result in [Tracy and Widom, 2009b Now, take P L,step (x, m, t) (from Proposition 3.2), the probability of the event
Then, we write
We approximate the sum above by the integral
for some ξ ∈ [−ζ, ζ] and using (3.6) from Proposition 3.2. Letting t → ∞ and ζ → ∞ on both sides, we obtain
with the last equality following by noting that
This shows (3.4) and thus, completes the proof of the lemma.
Appendix
In this section, we outline the reasoning responsible for the formulation of Conjecture 1.2. Namely, we utilized computer programmed simulations to model ASEP with a single secondclass particle and used the simulations to estimate the cumulative distribution function (CDF) of the location of the second-class particle. We utilized Sage, a well-known programming language akin to Python but with many more mathematical libraries, to code the simulations; Rivanna, the University of Virginia's High-Performance Computing (HPC) system, to run the simulations; and Mathematica to analyze the data from the simulations.
In the case p = 1 (q = 0), the simulations correspond to the TASEP with a second-class particle-the Sage program produced a list of ordered pairs from 10, 000 trials in order to generate an empirical CDF for the location of the second class particle after a fixed time t = 500. In Mathematica, we analyzed the CDFs by taking numerical derivatives of the plots, and this allowed us to determine the degree of a polynomial to fit to the experimental data. Our experimental results matched Cator and Pimentel [2013] for the first starting positions of the second class particle. Figure 2a is one example with x * 2 (0) = −2. The experimental data (blue) matches the theoretical result (green), and the best quadratic fit to the experimental data is given in (red).
Hoping to detect a similar result for the ASEP with a single second class particle, we ran an identical analysis for various values of p ∈ ( 1 2 , 1). However, the experimental data for ASEP indicated that the TASEP result does not extend by simply introducing the asymmetry parameter γ = p − q as in Theorem 1.1. We consider the following example. Let p = 0.7 (and 
0) = −2, and run at least 10, 000 trials. With the experimental data in blue, a quadratic best-fit in red, the polynomial ((1 − α −1 x)/2) 2 in orange for α = 7 8 , and the polynomial ((1 − γ −1 x)/2) 2 in green, we obtained (2b).
Qualitatively, it is evident that extending the result for the TASEP by by simply introducing the asymmetry parameter γ = p−q, indicated in green, does not match the experimental data for ASEP. However, the orange line is promisingly close to the experimental data; namely, it is still possible that the CDF for the second-class particle in the ASEP case has the form ((1 − α −1 x)/2) 2 , with α dependending on p but given by a different formula other than 2p − 1 = γ. In the future, we hope to carry out simulations for many values of p to elucidate a potential formula for α.
